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� .HLWK�5��/HDWKDP� %ODNH�(��3HWHUVRQ�
� %ULJKDP�<RXQJ�8QLYHUVLW\� %ULJKDP�<RXQJ�8QLYHUVLW\�
�
Despite the fact that the mathematics education field recognizes the critical role that 

student thinking plays in high quality instruction, little is known about productive use 

of the in-the-moment student thinking that emerges in the context of whole-class 

discussion. We draw on and extend the work of others to theorize the mathematical 

understanding an instance of such student thinking can be used to build towards—the 

mathematical point (MP). An MP is a mathematical statement of what could be  

gained from considering a particular instance of student thinking. Examples and non-

examples are used to illustrate nuances in the MP construct. Articulating the MP for 

an instance of student thinking is requisite for determining whether there is 

instructional value in pursuing that thinking. 

7KH�ILHOG�RI�PDWKHPDWLFV�HGXFDWLRQ�UHFRJQL]HV�WKH�FULWLFDO�UROH�VWXGHQW�PDWKHPDWLFDO�
WKLQNLQJ� SOD\V� LQ� SODQQLQJ� DQG� LPSOHPHQWLQJ� TXDOLW\� PDWKHPDWLFV� LQVWUXFWLRQ�
�H�J���1DWLRQDO�&RXQFLO�RI�7HDFKHUV�RI�0DWKHPDWLFV�>1&70@���������5HVHDUFKHUV�KDYH�
PDGH�SURJUHVV�RQ�XQGHUVWDQGLQJ�KRZ�LQVWUXFWLRQ�FDQ�EH�LPSURYHG�E\�XVLQJ�WDVNV�WKDW�
DUH�OLNHO\�WR�HQJDJH�VWXGHQWV�LQ�PHDQLQJIXO�PDWKHPDWLFDO�DFWLYLW\�DQG�E\�ZRUNLQJ�WR�
PDLQWDLQ� WKH� FRJQLWLYH� GHPDQG� RI� WKRVH� WDVNV� WKURXJKRXW� LQVWUXFWLRQ� �H�J���6WHLQ�	�
/DQH���������:H�DOVR�NQRZ�PDQ\�RI�WKH�EHQHILWV�RI�WHDFKHUV�XQGHUVWDQGLQJ�FRPPRQ�
ZD\V�WKDW�VWXGHQWV�WKLQN�DERXW�DQG�GHYHORS�PDWKHPDWLFDO�LGHDV��H�J���)HQQHPD�HW�DO���
�������:H� NQRZ� OHVV�� KRZHYHU�� DERXW� SURGXFWLYH�ZD\V� RI� WDNLQJ� DGYDQWDJH� RI� WKH�
VWXGHQW� PDWKHPDWLFDO� WKLQNLQJ� WKDW� HPHUJHV� GXULQJ� LQVWUXFWLRQ�� 5HFHQW� ZRUN� �H�J���
6PLWK�	�6WHLQ��������KDV�EHJXQ�WR�KHOS�XV�XQGHUVWDQG�KRZ�WR�HIIHFWLYHO\�XVH�ZULWWHQ�
UHFRUGV�RI�VWXGHQW�ZRUN��EXW�PXFK�OHVV�LV�NQRZQ�DERXW�KRZ�WR�HIIHFWLYHO\�XVH�WKH�LQ�
WKH�PRPHQW� PDWKHPDWLFDO� WKLQNLQJ� WKDW� HPHUJHV� GXULQJ� FODVVURRP� PDWKHPDWLFV�
GLVFRXUVH��:H� QHHG� WR� XQGHUVWDQG� WKLV� LPSRUWDQW� DVSHFW� RI� HIIHFWLYH� XVH� RI� VWXGHQW�
WKLQNLQJ�EHFDXVH�ZKROH�FODVV�GLVFXVVLRQ�LV�IHUWLOH�JURXQG�IRU�WKH�HPHUJHQFH�RI�YDOXDEOH�
VWXGHQW�PDWKHPDWLFDO� WKLQNLQJ��9DQ�=RHVW�HW�DO�������D������E���\HW�PDQ\� WHDFKHUV��
HVSHFLDOO\�QRYLFHV��IDLO�WR�QRWLFH�RU�WR�DFW�RQ�RSSRUWXQLWLHV�WR�XVH�WKLV�YDOXDEOH�WKLQNLQJ�
WR� IXUWKHU� PDWKHPDWLFDO� XQGHUVWDQGLQJ� �3HWHUVRQ� 	� /HDWKDP�� ������ 6WRFNHUR�� 9DQ�
=RHVW��	�7D\ORU���������
2XU� ZRUN� LQYHVWLJDWLQJ� WHDFKHUV¶� XVH� RI� LQ�WKH�PRPHQW� LQVWDQFHV� RI� KLJK� SRWHQWLDO�
VWXGHQW�WKLQNLQJ�WR�IXUWKHU�VWXGHQWV¶�PDWKHPDWLFDO�XQGHUVWDQGLQJ�GXULQJ�ZKROH�FODVV�
GLVFXVVLRQ�KDV�OHG�XV�WR�FRQFOXGH�WKDW�DQ�LPSRUWDQW�UHDVRQ�IRU�WKH�VORZ�SDFH�RI�UHIRUP�
LQ�WKLV�DUHD�LV�WKDW�ZKDW�H[DFWO\�FDQ�EH�OHDUQHG�IURP�PDNLQJ�D�SDUWLFXODU�LQVWDQFH�RI�
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VWXGHQW�WKLQNLQJ�WKH�REMHFW�RI�GLVFXVVLRQ�KDV�EHHQ�XQGHU�WKHRUL]HG��7KXV��WKH�SXUSRVH�
RI�WKLV�SDSHU�LV�WR�WKHRUL]H�WKH�PDWKHPDWLFDO�SRLQW�WKDW�DQ�LQVWDQFH�RI�VWXGHQW�WKLQNLQJ�
FDQ�EH�XVHG� WR�EXLOG� WRZDUGV��%HIRUH�EHJLQQLQJ� WKDW� WKHRUL]LQJ��ZH� ILUVW�RXWOLQH� WKH�
WKHRUHWLFDO� IUDPHZRUN� WKDW� JXLGHV� RXU� WKLQNLQJ� DQG� WKHQ� VLWXDWH� RXU� WKLQNLQJ� LQ� WKH�
FRQWH[W�RI�RWKHU�UHODWHG�UHVHDUFK��
7+(25(7,&$/�)5$0(:25.�
7KH�0267�UHVHDUFK�JURXS� �H�J���/HDWKDP��3HWHUVRQ��6WRFNHUR��	�9DQ�=RHVW��������
9DQ�=RHVW��/HDWKDP��3HWHUVRQ��	�6WRFNHUR��������GHILQHG�0267V²0DWKHPDWLFDOO\�
6LJQLILFDQW�3HGDJRJLFDO�2SSRUWXQLWLHV�WR�%XLOG�RQ�6WXGHQW�7KLQNLQJ²DV�³LQVWDQFHV�RI�
VWXGHQW� WKLQNLQJ� WKDW�KDYH�FRQVLGHUDEOH�SRWHQWLDO� DW� D�JLYHQ�PRPHQW� WR�EHFRPH� WKH�
REMHFW�RI�ULFK�GLVFXVVLRQ�DERXW�LPSRUWDQW�PDWKHPDWLFDO�LGHDV´��/HDWKDP�HW�DO���������
S�������7KH\�FRQFHSWXDOL]HG�0267V�DV�RFFXUULQJ�LQ�WKH�LQWHUVHFWLRQ�RI�WKUHH�FULWLFDO�
FKDUDFWHULVWLFV� RI� FODVVURRP� LQVWDQFHV�� VWXGHQW� PDWKHPDWLFDO� WKLQNLQJ�� VLJQLILFDQW�
PDWKHPDWLFV��DQG�SHGDJRJLFDO�RSSRUWXQLWLHV��)RU�HDFK�FKDUDFWHULVWLF��WZR�FULWHULD�ZHUH�
SURYLGHG� WR� GHWHUPLQH� ZKHWKHU� DQ� LQVWDQFH� RI� VWXGHQW� WKLQNLQJ� HPERGLHV� WKDW�
FKDUDFWHULVWLF�� )RXQGDWLRQDO� WR� RXU� ZRUN� LV� WKH� VWXGHQW� PDWKHPDWLFDO� WKLQNLQJ�
FKDUDFWHULVWLF�� IRU�ZKLFK� WKH� WZR�FULWHULD� DUH� VWXGHQW�PDWKHPDWLFV�DQG�PDWKHPDWLFDO�
SRLQW��7R�PHHW�WKH�VWXGHQW�PDWKHPDWLFV�FULWHULRQ��RQH�PXVW�KDYH�VXIILFLHQW�HYLGHQFH�WR�
PDNH�D�UHDVRQDEOH�LQIHUHQFH�DERXW�WKH�PDWKHPDWLFDO�WKLQNLQJ�D�VWXGHQW�LV�H[SUHVVLQJ��
7KH�DUWLFXODWLRQ�RI�WKLV�PDWKHPDWLFDO�WKLQNLQJ�LV�FDOOHG�WKH�student mathematics��60��
RI� WKH� LQVWDQFH�� 7R� PHHW� WKH� PDWKHPDWLFDO� SRLQW� FULWHULRQ�� RQH� PXVW� EH� DEOH� WR�
³DUWLFXODWH�D�PDWKHPDWLFDO�LGHD�WKDW�LV�FORVHO\�UHODWHG�WR�WKH�VWXGHQW�PDWKHPDWLFV�RI�WKH�
LQVWDQFH²ZKDW�ZH�FDOO�D�mathematical point´��S�������,W�LV�WKLV�XVH�RI�mathematical 

point�(MP)�WKDW�ZH�WKHRUL]H�LQ�WKLV�SDSHU��
0267V�DUH�LQVWDQFHV�RI�VWXGHQW�WKLQNLQJ�ZRUWK�building�RQ²WKDW�LV��³VWXGHQW�WKLQNLQJ�
ZRUWK�PDNLQJ�WKH�REMHFW�RI�FRQVLGHUDWLRQ�E\�WKH�FODVV�LQ�RUGHU�WR�HQJDJH�WKH�FODVV�LQ�
PDNLQJ�VHQVH�RI� WKDW� WKLQNLQJ�WR�EHWWHU�XQGHUVWDQG�DQ�LPSRUWDQW�PDWKHPDWLFDO� LGHD´�
�9DQ�=RHVW�HW�DO�������E��S������6XFK�XVH�HQFDSVXODWHV�FRUH�LGHDV�RI�FXUUHQW�WKLQNLQJ�
DERXW�HIIHFWLYH�WHDFKLQJ�DQG�OHDUQLQJ�RI�PDWKHPDWLFV��LQFOXGLQJ�VRFLDO�FRQVWUXFWLRQ�RI�
NQRZOHGJH� DQG� WKH� LPSRUWDQFH� RI� PDWKHPDWLFDO� GLVFRXUVH� �1&70�� ������� 7KXV��
EXLOGLQJ�RQ�0267V�LV�D�SDUWLFXODUO\�SURGXFWLYH�ZD\�IRU�WHDFKHUV�WR�HQJDJH�VWXGHQWV�LQ�
PHDQLQJIXO�PDWKHPDWLFDO� OHDUQLQJ�� ,Q� WKLV� SDSHU�� ZH� ERWK� GUDZ� RQ� DQG� H[WHQG� WKH�
0267�IUDPHZRUN�E\�WKHRUL]LQJ�WKH�03²WKH�PDWKHPDWLFDO�XQGHUVWDQGLQJ�SDUWLFXODU�
LQVWDQFHV�RI�VWXGHQW�WKLQNLQJ�FDQ�EH�XVHG�WR�EXLOG�WRZDUGV���
5(/$7('�5(6($5&+�
3HUKDSV� WKH�ZRUN�PRVW� FORVHO\� UHODWHG� WR� WKLV� WKHRUL]LQJ�� DW� OHDVW� RQ� WKH� VXUIDFH�� LV�
/DXULH�6OHHS¶V������GLVVHUWDWLRQ��Teaching to the Mathematical Point: Knowing and 

Using Mathematics in Teaching�� 6OHHS�� KRZHYHU�� GHILQHV� PDWKHPDWLFDO� SRLQW� ³WR�
LQFOXGH� WKH� PDWKHPDWLFDO� OHDUQLQJ� JRDOV� IRU� DQ� DFWLYLW\�� DV� ZHOO� DV� WKH� FRQQHFWLRQ�
EHWZHHQ�WKH�DFWLYLW\�DQG�LWV�JRDOV´��S�������7KLV�LV�D�EURDG�GHILQLWLRQ�WKDW�IRUHJURXQGV�
WKH�PHDQLQJ�RI�³SRLQW´�DV�³VRPHWKLQJ�WKDW�LV�WKH�IRFXV�RI�DWWHQWLRQ��FRQVLGHUDWLRQ��RU�
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SXUSRVH´�DQG�EDFNJURXQGV�WKH�PHDQLQJ�RI�SRLQW�DV�³D�VHSDUDWH��RU�VLQJOH�LWHP��DUWLFOH��
RU�HOHPHQW�LQ�DQ�H[WHQGHG�ZKROH´��2[IRUG�(QJOLVK�'LFWLRQDU\�>2('@�FLWHG�LQ�6OHHS��
������ S�� ����� 7KH� ILUVW� FROXPQ� RI� )LJXUH� �� OLVWV�PDWKHPDWLFDO� SRLQWV� DUWLFXODWHG� LQ�
6OHHS¶V�GLVVHUWDWLRQ��:KDW� LV�QRWDEOH�DERXW� WKHVH�SRLQWV� LV� WKH� ODFN�RI�VSHFLILFV� WKH\�
SURYLGH�DERXW�WKH�PDWKHPDWLFDO�LGHDV�UHODWHG�WR�WKHP��&RQVLGHU��IRU�H[DPSOH��WKH�ILUVW�
SRLQW�LQ�)LJXUH����$OWKRXJK�³UHYLHZLQJ�DQG�SUDFWLFLQJ�VWUDWHJLHV�IRU�DGGLQJ�PXOWLSOH�
DGGHQGV´� �6OHHS�� ������ S�� ����� LV� LPSRUWDQW� WR� EH� GRLQJ� LQ� D� �QG� JUDGH� FODVV�� WKH�
VWDWHPHQW�GRHV�QRW�VD\�DQ\WKLQJ�DERXW�WKH�PDWKHPDWLFV�WKDW�PDNHV�XS�WKRVH�VWUDWHJLHV��
7KDW�LV��LW�IDLOV�WR�DUWLFXODWH�WKH�PDWKHPDWLFDO�LGHD�WKDW�LV�WR�EH�OHDUQHG��

Mathematical Points from Sleep 

(2009) 

Mathematical Understandings from Charles  

(2005) 

³UHYLHZLQJ�DQG�SUDFWLFLQJ�VWUDWHJLHV�
IRU�DGGLQJ�PXOWLSOH�DGGHQGV´��S�������

³1XPEHUV�FDQ�EH�EURNHQ�DSDUW�DQG�JURXSHG�LQ�
GLIIHUHQW�ZD\V�WR�PDNH�FDOFXODWLRQV�VLPSOHU�´�
�S������

³OHDUQLQJ�WKDW�KDOYHV�DUH�WZR�HTXDO�
SDUWV´��S�������

³7KH�ERWWRP�QXPEHU�LQ�D�IUDFWLRQ�WHOOV�KRZ�PDQ\�
HTXDO�SDUWV�WKH�ZKROH�RU�XQLW�LV�GLYLGHG�LQWR��7KH�WRS�
QXPEHU�WHOOV�KRZ�PDQ\�HTXDO�SDUWV�DUH�LQGLFDWHG�´��
�S������

³WHDFKLQJ�WKH�DGGLWLRQ�DQG�VXEWUDFWLRQ�
DOJRULWKP�>IRU�IUDFWLRQV@´��S�������

³)UDFWLRQV�ZLWK�XQOLNH�GHQRPLQDWRUV�DUH�UHQDPHG�DV�
HTXLYDOHQW�IUDFWLRQV�ZLWK�OLNH�GHQRPLQDWRUV�WR�DGG�
DQG�VXEWUDFW�´��S������

)LJXUH����&RPSDULVRQ�RI�6OHHS¶V��������0DWKHPDWLFDO�3RLQWV�DQG�&KDUOHV¶��������
0DWKHPDWLFDO�8QGHUVWDQGLQJV��

$OWKRXJK� WKH� LPSRUWDQFH� RI� WHDFKHUV� KDYLQJ� PDWKHPDWLFDO� JRDOV� LQ� PLQG� IRU� WKHLU�
WHDFKLQJ� KDV� EHHQ� ZHOO� HVWDEOLVKHG� �H�J��� &RUH\� HW� DO��� ������ 1&70� ������� PRVW�
UHVHDUFK��OLNH�6OHHS¶V���������KDV�UHPDLQHG�DW�WKH�OHYHO�RI�ORRNLQJ�DW�ZKHWKHU�WHDFKHUV�
KDYH�PDWKHPDWLFDO�JRDOV�DQG�KRZ�WKRVH�JRDOV�DIIHFW�WKHLU�LQVWUXFWLRQ��H�J���)HUQDQGH]��
&DQQRQ��	�&KRNVKL���������UDWKHU�WKDQ�LQYHVWLJDWLQJ�WKH�DUWLFXODWLRQ�RI�WKH�JRDOV�DQG�
KRZ�WKDW�DUWLFXODWLRQ�DIIHFWV�WHDFKHUV¶�DELOLW\�WR�VXSSRUW�WKHLU�VWXGHQWV¶�OHDUQLQJ��6RPH�
ZRUN� KDV� EHHQ� GRQH� DURXQG� WKH� DUWLFXODWLRQ� RI� LQWHQGHG� LQVWUXFWLRQDO� RXWFRPHV��
KRZHYHU�� LQ� WKH�FRQWH[W�RI�FRXUVHV�RQ�SHGDJRJ\��)RU�H[DPSOH�� WKH�%ULJKDP�<RXQJ�
8QLYHUVLW\� 0DWKHPDWLFV� (GXFDWRUV� �Q�G��� XQSXEOLVKHG� PDQXVFULSW�� GHYHORSHG� D�
GRFXPHQW�IRU�VXSSRUWLQJ�SUHVHUYLFH�VHFRQGDU\�VFKRRO�WHDFKHUV�LQ�ZULWLQJ�OHVVRQ�JRDOV�
IRFXVHG� RQ� PDWKHPDWLFDO� FRQFHSWV� WKDW� LV� QRZ� XVHG� E\� VHYHUDO� XQLYHUVLWLHV�� 7KH\�
HPSKDVL]HG� WKDW� D� key concept� LV� QRW� D� WRSLF� RU� D� VWHS�E\�VWHS� PHWKRG� IRU� GRLQJ�
VRPHWKLQJ�� UDWKHU�� LW� LV� ³VRPHWKLQJ� WKDW� \RX� ZDQW� \RXU� VWXGHQWV� WR� understand��
&RQFHSWV� GHDO� ZLWK�meaning��why� VRPHWKLQJ� ZRUNV��ways of� imagining� RU� seeing 

things��DQG�connections´��S�����LWDOLFV�LQ�RULJLQDO����
&KDUOHV� �������� WR� ³LQLWLDWH� D� FRQYHUVDWLRQ� DERXW� WKH� QRWLRQ� RI� %LJ� ,GHDV� LQ�
PDWKHPDWLFV´��S������SURSRVHG�D�VHW�RI�%LJ�,GHDV�IRU�HOHPHQWDU\�DQG�PLGGOH�VFKRRO�DQG�
WKHLU�FRUUHVSRQGLQJ�mathematical understandings��&KDUOHV�GHVFULEHG�D�PDWKHPDWLFDO�
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XQGHUVWDQGLQJ�DV�³DQ�LPSRUWDQW� LGHD�VWXGHQWV�QHHG�WR�OHDUQ�EHFDXVH�LW�FRQWULEXWHV�WR�
XQGHUVWDQGLQJ�WKH�%LJ�,GHD´��S�������7KH�VHFRQG�FROXPQ�RI�)LJXUH���OLVWV�PDWKHPDWLFDO�
XQGHUVWDQGLQJV� IURP� &KDUOHV� ������� WKDW� EHDU� VRPH� UHODWLRQVKLS� WR� 6OHHS¶V� �������
PDWKHPDWLFDO� SRLQWV�� &KDUOHV¶� PDWKHPDWLFDO� XQGHUVWDQGLQJV� GR� DUWLFXODWH� WKH�
PDWKHPDWLFDO�LGHD�WKDW�LV�WR�EH�OHDUQHG��DQG�WKXV�WKH\�DUH�DW�D�JUDLQVL]H�PRUH�DSSURSULDWH�
IRU�ORRNLQJ�DW�WKH�PDWKHPDWLFDO�XQGHUVWDQGLQJ�SDUWLFXODU�LQVWDQFHV�RI�VWXGHQW�WKLQNLQJ�
FDQ�EH�XVHG�WR�EXLOG�WRZDUGV���
'(),1,1*�0$7+(0$7,&$/�32,17��03��
$OWKRXJK�&KDUOHV��������GLG�QRW�IRUPDOO\�GHILQH�PDWKHPDWLFDO�XQGHUVWDQGLQJ�LQ�KLV�
SDSHU�� GUDZLQJ� RQ� KLV� H[DPSOHV� DQG� H[SODQDWLRQV�� ZH� XVH� WKH� WHUP�mathematical 

understanding� WR� UHIHU� WR� a concise statement of a non-subjective truth about 

mathematics��7KLV�GHILQLWLRQ�VSHFLILHV�VRPHWKLQJ� WKDW�VWXGHQWV�FDQ�DFWXDOO\�FRPH�WR�
XQGHUVWDQG��DV�RSSRVHG�WR�D�WRSLF�IRU�WKHP�WR�VWXG\�RU�DQ�RXWFRPH�RI�WKHLU�OHDUQLQJ��
$UWLFXODWLQJ�PDWKHPDWLFDO�XQGHUVWDQGLQJV�LV�XVHIXO�IRU�D�QXPEHU�RI� WHDFKLQJ�UHODWHG�
DFWLYLWLHV��VXFK�DV�GHWHUPLQLQJ�JRDOV�RI�D�OHVVRQ��DQDO\VLQJ�WKH�PDWKHPDWLFV�VWXGHQWV�
PLJKW�OHDUQ�IURP�D�WDVN��DQG�JXLGLQJ�WKH�IRUPXODWLRQ�RI�TXHVWLRQV�WR�DVN�LQ�WKH�PLGVW�
RI�D�OHVVRQ��<HW�DQRWKHU�UHDVRQ�IRU�DUWLFXODWLQJ�PDWKHPDWLFDO�XQGHUVWDQGLQJV��DQG�WKH�
RQH�WKDW�LV�WKH�IRFXV�RI�WKLV�SDSHU��LV�WR�GHWHUPLQH�ZKHWKHU�VWXGHQW�WKLQNLQJ�LV�ZRUWK�
EXLOGLQJ�RQ�LQ�WKH�PRPHQW�LQ�ZKLFK�LW�RFFXUV���
2XU�IRFXV�LV�RQ�LQVWDQFHV�RI�VWXGHQW�PDWKHPDWLFDO�WKLQNLQJ�WKDW�HPHUJH�GXULQJ�ZKROH�
FODVV� GLVFXVVLRQ��:H� IROORZ� /HDWKDP� HW� DO�� ������� LQ� GHILQLQJ� DQ� instance� DV� ³DQ�
REVHUYDEOH�VWXGHQW�DFWLRQ�RU�VPDOO�FROOHFWLRQ�RI�FRQQHFWHG�DFWLRQV��VXFK�DV�D�YHUEDO�
H[SUHVVLRQ�FRPELQHG�ZLWK�D�JHVWXUH�´��S�������,Q�RXU�RQJRLQJ�UHVHDUFK��ZH�KDYH�IRXQG�
WKDW� IRU� LQVWDQFHV� RI� VWXGHQW� WKLQNLQJ� IRU� ZKLFK� student mathematics (SM) FDQ� EH�
LQIHUUHG�� RQH� FDQ� DUWLFXODWH� UHODWHG� mathematical understanding(s)�� 6LQFH� VWXGHQW�
WKLQNLQJ� LV� QRW� DOZD\V� FRQVWUDLQHG� E\� WKH� WHDFKHUV¶� SODQ� IRU� WKH� OHVVRQ�� WKHVH�
PDWKHPDWLFDO�XQGHUVWDQGLQJV�PD\�RU�PD\�QRW�EH�ZLWKLQ�WKH�FRQILQHV�RI� WKH�SODQQHG�
OHVVRQ��$GGLWLRQDOO\��WKH�PDWKHPDWLFDO�XQGHUVWDQGLQJV�WKDW�DUH�ZLWKLQ�WKH�FRQILQHV�RI�
WKH�SODQQHG�OHVVRQ�PD\�RU�PD\�QRW�EH�PRVW�FORVHO\�UHODWHG�WR�WKH�60��$OWKRXJK�ZH�
DJUHH�ZLWK�+LQW]�DQG�.D]HPL��������WKDW�LW�LV�LPSRUWDQW�WKDW�³WKH�GLVFXVVLRQ�JRDO�DFWV�
DV� D� FRPSDVV� DV� WHDFKHUV� QDYLJDWH� FODVVURRP� WDON´� �S������� ZH� DOVR� FRQWHQG� WKDW� D�
SDUDOOHO�JRDO�LV�WR�KRQRU�VWXGHQW�WKLQNLQJ��7KDW�LV��PDNLQJ�D�GHFLVLRQ�DERXW�ZKHWKHU�RU�
QRW� WR� SXUVXH� D� SDUWLFXODU� LQVWDQFH� RI� VWXGHQW� PDWKHPDWLFDO� WKLQNLQJ� UHTXLUHV� ILUVW�
LGHQWLI\LQJ�WKH�60�RI�WKH�WKLQNLQJ�DQG�WKHQ�LGHQWLI\LQJ�WKH�PDWKHPDWLFDO�XQGHUVWDQGLQJ�
PRVW�FORVHO\�UHODWHG�WR�LW��2WKHUZLVH��WKHUH�LV�D�ULVN�RI�XQGHUPLQLQJ�D�FRUH�SULQFLSOH�RI�
TXDOLW\� PDWKHPDWLFV� LQVWUXFWLRQ²WKDW� RI� SRVLWLRQLQJ� VWXGHQWV� DV� OHJLWLPDWH�
PDWKHPDWLFDO�WKLQNHUV��H�J���1&70���������
7KXV��LQ�WKH�FRQWH[W�RI�RXU�ZRUN�RQ�SURGXFWLYH�XVH�RI�VWXGHQW�PDWKHPDWLFDO�WKLQNLQJ�
GXULQJ�LQVWUXFWLRQ��D�mathematical point (MP)�LV�WKH�mathematical understanding�WKDW�
����VWXGHQWV�FRXOG�JDLQ�IURP�FRQVLGHULQJ�D�SDUWLFXODU�LQVWDQFH�RI�VWXGHQW�WKLQNLQJ�DQG�
����LV�PRVW�FORVHO\�UHODWHG�WR�WKH�60�RI�WKH�WKLQNLQJ��7KDW�LV��WKH�03�LV�D�PDWKHPDWLFDO�
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VWDWHPHQW� RI� ZKDW� FRXOG� EH� JDLQHG� DV� D� UHVXOW� RI� VWXGHQWV� PDNLQJ� VHQVH� RI� WKH�
PDWKHPDWLFV�FRQWDLQHG�LQ�WKH�H[SUHVVLRQ�RI�WKH�VWXGHQW�WKLQNLQJ��1RWH�WKDW�LW�LV�RQO\�
ZKHQ�WKH�03�LV�DUWLFXODWHG�WKDW�D�FOHDU�GHFLVLRQ�FDQ�EH�PDGH�DERXW�ZKHWKHU�WKH�VWXGHQW�
WKLQNLQJ�VKRXOG�EH�SXUVXHG���/HDWKDP�HW�DO���������GHVFULEH�D�WRRO�IRU�GLVWLQJXLVKLQJ�
LQVWDQFHV� RI� VWXGHQW� WKLQNLQJ� WKDW� SURYLGH� RSSRUWXQLWLHV� WR� SURGXFWLYHO\� EXLOG� RQ�
VWXGHQWV¶� PDWKHPDWLFDO� WKLQNLQJ� IURP� WKRVH� WKDW� GR� QRW²WKH� 0267� $QDO\WLF�
)UDPHZRUN���
:H�KDYH�LGHQWLILHG�IRXU�WKLQJV�WR�NHHS�LQ�PLQG�ZKHQ�FRQVLGHULQJ�03V��)LUVW��DQ�03�
H[LVWV� RQO\� LQ� UHODWLRQ� WR� D� VSHFLILF� LQVWDQFH� RI� VWXGHQW� WKLQNLQJ�� 7KDW� LV�� XQOLNH� D�
PDWKHPDWLFDO�XQGHUVWDQGLQJ��ZKLFK�FDQ�VWDQG�DORQH��DQ�03�FDQQRW��6SHFLILFDOO\��RQH�
PXVW�WDON�DERXW�DQ�03�LQ�UHODWLRQ�WR�ZKDW�FDQ�EH�JDLQHG�IURP�FRQVLGHULQJ�D�SDUWLFXODU�
LQVWDQFH� RI� VWXGHQW� WKLQNLQJ�� 6HFRQG�� LQ� RUGHU� WR� EH� DQ� 03�� WKH� PDWKHPDWLFDO�
XQGHUVWDQGLQJ�PXVW�EH�JDLQHG�IURP�FRQVLGHULQJ�WKH�VWXGHQW�WKLQNLQJ�LWVHOI��$Q�LQVWDQFH�
RI�VWXGHQW�WKLQNLQJ�PD\�RIWHQ�SURPSW�WHDFKHUV�WR�DVN�D�TXHVWLRQ��LQWURGXFH�DQ�LGHD�RU�
SRVH�D�WDVN�WKDW�IXUWKHUV�VWXGHQW�OHDUQLQJ�RI�D�PDWKHPDWLFDO�XQGHUVWDQGLQJ�UHODWHG�WR�
WKH�LQVWDQFH��$OWKRXJK�WKHVH�DUH�LPSRUWDQW�WHDFKLQJ�WDVNV�WKDW�use�VWXGHQW�WKLQNLQJ��ZH�
ZDQW�WR�EH�FOHDU�WKDW�ZH�GR�QRW�FRQVLGHU�WKHP�building�RQ�VWXGHQW�WKLQNLQJ��,Q�RUGHU�IRU�
EXLOGLQJ�WR�RFFXU��WKH�WKLQNLQJ�LWVHOI�PXVW�EHFRPH�WKH�REMHFW�RI�GLVFXVVLRQ��7KLUG��QRW�
DOO�LQVWDQFHV�RI�VWXGHQW�WKLQNLQJ�JLYH�ULVH�WR�DQ�03��)RU�H[DPSOH��VXSSRVH�D�VWXGHQW�
DVNHG��³:KDW�LV�WKH�IRUPXOD�IRU�WKH�YROXPH�RI�D�FXEH"´�7KLV�LQVWDQFH�RI�PDWKHPDWLFDO�
WKLQNLQJ�LV�UHODWHG�WR�WKH�PDWKHPDWLFDO�XQGHUVWDQGLQJ��The formula for the volume of a 

cube with side s is s
3��7KDW�PDWKHPDWLFDO�XQGHUVWDQGLQJ��KRZHYHU��LV�QRW�VRPHWKLQJ�WKDW�

VWXGHQWV�FRXOG�JDLQ�IURP�FRQVLGHULQJ�WKLV�SDUWLFXODU�LQVWDQFH�RI�VWXGHQW�WKLQNLQJ��7KH\�
PLJKW�EH�DEOH�WR�UHFDOO� LW��RU� WKH\�PLJKW�EH�DEOH�WR�ILJXUH�LW�RXW�IURP�D�WDVN�WKDW� WKH�
WHDFKHU�SRVHV�LQ�UHVSRQVH�WR�WKH�LQVWDQFH��EXW�LW�ZRXOG�QRW�UHVXOW�IURP�FRQVLGHULQJ�WKH�
VWXGHQW� WKLQNLQJ��)RXUWK�� WKHUH� DUH� DFFHSWDEOH� YDULDWLRQV� LQ� WKH� DUWLFXODWLRQ� RI�60V��
PDWKHPDWLFDO�XQGHUVWDQGLQJV��DQG�03V��:KDW�LV�SUHVHQWHG�KHUH�LV�WKH�FRQVHQVXV�RI�WKH�
DXWKRUV��EXW�RWKHU�DUWLFXODWLRQV�PD\�DOVR�EH�GHIHQGDEOH��
7R�IXUWKHU�LOOXVWUDWH�RXU�WKHRUL]LQJ��)LJXUH���FRQWDLQV�LQVWDQFHV�RI�VWXGHQW�PDWKHPDWLFDO�
WKLQNLQJ��WKH�03�WKDW�ZRXOG�VHUYH�DV�WKH�GLVFXVVLRQ�JRDO�RI�WKH�FRQYHUVDWLRQ�LQ�ZKLFK�
WKH� LQVWDQFH� RI� VWXGHQW� WKLQNLQJ� LV� WKH� REMHFW� RI� GLVFXVVLRQ�� DQ� H[DPSOH� RI� D�
PDWKHPDWLFDO�XQGHUVWDQGLQJ�WKDW�GRHV�QRW�PHHW�WKH�³PRVW�FORVHO\�UHODWHG´�FULWHULD�IRU�
WKDW� WKLQNLQJ� DQG� DQ� H[DPSOH� RI� D� UHODWHG� VWDWHPHQW� WKDW� LV� QRW� D� PDWKHPDWLFDO�
XQGHUVWDQGLQJ��5HFDOO�WKDW�03V�DUH�D�VXEVHW�RI�PDWKHPDWLFDO�XQGHUVWDQGLQJV��WKXV�ERWK�
WKH�VHFRQG�DQG�WKLUG�FROXPQ�FRQWDLQ�H[DPSOHV�RI�PDWKHPDWLFDO�XQGHUVWDQGLQJV���
�
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,QVWDQFHV�RI�6WXGHQW�
0DWKHPDWLFDO�7KLQNLQJ� 0DWKHPDWLFDO�3RLQW�

1RW�WKH�0RVW��
&ORVHO\�5HODWHG�
0DWKHPDWLFDO�
8QGHUVWDQGLQJ�

1RW�D�
0DWKHPDWLFDO�
8QGHUVWDQGLQJ�

���,Q�DQ�LQWURGXFWRU\�
OHVVRQ�RQ�DGGLQJ�
IUDFWLRQV�ZLWK�OLNH�
GHQRPLQDWRUV��D�
VWXGHQW�ZULWHV�WKH�
IROORZLQJ�RQ�WKH�
ERDUG����
���������� �������

$GGLQJ�IUDFWLRQDO�
SLHFHV�RI�WKH�VDPH�
VL]H�FKDQJHV�WKH�
QXPEHU�RI�SLHFHV��EXW�
QRW�WKH�VL]H�RI�WKH�
SLHFHV��

$GGLQJ�WZR�
TXDQWLWLHV�PHDQV�
FRPELQLQJ�WKH�
DPRXQWV�WRJHWKHU��

+RZ�WR�JHW�D�
FRPPRQ�
GHQRPLQDWRU�ZKHQ�
DGGLQJ�IUDFWLRQV��

���'XULQJ�WKH�VHFRQG�GD\�
RI�D�OHVVRQ�RQ�VROYLQJ�
VLPSOH�OLQHDU�
HTXDWLRQV��ZKHQ�WKH�
WHDFKHU�VROYHV�WKH�
HTXDWLRQ�x ���� ���DQG�
ZULWHV�x� ���RQ�WKH�
ERDUG��D�VWXGHQW�
UHPDUNV��³+H\��ZDLW�D�
PLQXWH��\HVWHUGD\�\RX�
VDLG�x HTXDOV�WZR�DQG�
WRGD\�\RX¶UH�VD\LQJ�x�
HTXDOV�WKUHH�´�

$�OHWWHU�FDQ�EH�XVHG�
WR�UHSUHVHQW�DQ�
XQNQRZQ�TXDQWLW\�LQ�
DQ�HTXDWLRQ�DQG�FDQ�
UHSUHVHQW�GLIIHUHQW�
TXDQWLWLHV�IRU�
GLIIHUHQW�HTXDWLRQV��

³/HWWHUV�DUH�XVHG�LQ�
PDWKHPDWLFV�WR�
UHSUHVHQW�JHQHUDOL]HG�
SURSHUWLHV��XQNQRZQV�
LQ�HTXDWLRQV��DQG�
UHODWLRQVKLSV�EHWZHHQ�
TXDQWLWLHV�´��&KDUOHV��
������S������

7KH�PHDQLQJ�RI�
YDULDEOH��

���,Q�D�EHJLQQLQJ�DOJHEUD�
OHVVRQ�RQ�VROYLQJ�
VLPSOH�OLQHDU�
HTXDWLRQV��D�VWXGHQW�
VD\V��³7R�JHW�m�DORQH�
RQ�WKH�OHIW�VLGH�RI�WKH�
HTXDWLRQ�m�±���� ����
\RX�FDQ�VXEWUDFW����´�

$Q\�WHUP�FDQ�EH�
UHPRYHG�IURP�RQH�
VLGH�RI�DQ�HTXDWLRQ�E\�
DGGLQJ�LWV�DGGLWLYH�
LQYHUVH�WR�ERWK�VLGHV�
RI�WKH�HTXDWLRQ��

$GGLQJ�D�QXPEHU�DQG�
VXEWUDFWLQJ�WKDW�VDPH�
QXPEHU�DUH�LQYHUVH�
RSHUDWLRQV��
�

6ROYLQJ�OLQHDU�
HTXDWLRQV��

)LJXUH����([DPSOHV�DQG�1RQ�H[DPSOHV�RI�0DWKHPDWLFDO�3RLQWV�IRU�,QVWDQFHV�RI�
6WXGHQW�0DWKHPDWLFDO�7KLQNLQJ�

6LQFH�WKH�03�LV�WKH�PRVW�FORVHO\�UHODWHG�PDWKHPDWLFDO�XQGHUVWDQGLQJ��ZH�ILUVW�ORRN�DW�
ZD\V�LQ�ZKLFK�VWDWHPHQWV�PD\�IDOO�VKRUW�RI�EHLQJ�D�PDWKHPDWLFDO�XQGHUVWDQGLQJ��VHH�
&ROXPQ���RI�)LJXUH�����³+RZ�WR�JHW�D�FRPPRQ�GHQRPLQDWRU�ZKHQ�DGGLQJ�IUDFWLRQV�´�
IRU� H[DPSOH�� VWDWHV� D� PDWKHPDWLFDO� SURFHVV� ZLWKRXW� H[SOLFDWLQJ� WKDW� SURFHVV�� ³7KH�
PHDQLQJ�RI�YDULDEOH�´�UHIHUV�WR�D�FRQFHSW�ZLWKRXW�HODERUDWLQJ�ZKDW�LW�LV��ZKLOH�³6ROYLQJ�
OLQHDU�HTXDWLRQV�´�PHUHO\�VWDWHV�D�WRSLF��1RWH�WKDW�DOO�RI�WKHVH�PDWKHPDWLFDO�VWDWHPHQWV�
IDLO� WR� VSHFLI\� WKH� non-subjective truth about mathematics� WKDW� WKH� VWDWHPHQW�
HQFDSVXODWHV���
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7KH� PDWKHPDWLFDO� XQGHUVWDQGLQJV� LQ� &ROXPQ� �� RI� )LJXUH� �� DUH� PDWKHPDWLFDO�
XQGHUVWDQGLQJV�IRU�WKH�FRUUHVSRQGLQJ�LQVWDQFHV�RI�VWXGHQW�WKLQNLQJ��EXW�WKH\�DUH�QRW�DV�
FORVHO\� UHODWHG� DV� WKRVH� LQ� WKH�Mathematical Point� FROXPQ�� )RU� H[DPSOH�� DOWKRXJK�
FORVHO\� UHODWHG� RQ� WKH� VXUIDFH²,QVWDQFH� �� LV� FHUWDLQO\� DERXW� DGGLWLRQ� RI� WZR�
TXDQWLWLHV²WKH�03�IRU�WKLV�LQVWDQFH�EHWWHU�FDSWXUHV�WKH�VSHFLILF�QRQ�VXEMHFWLYH�WUXWK�
DERXW�PDWKHPDWLFV� WKDW� VWXGHQWV�FRXOG�JDLQ�E\�PDNLQJ� WKLV� LQVWDQFH�RI� WKLQNLQJ� WKH�
REMHFW�RI�GLVFXVVLRQ��7KH�LPSRUWDQFH�RI�WKH�03�EHLQJ�WKH�PDWKHPDWLFDO�XQGHUVWDQGLQJ�
PRVW�FORVHO\�UHODWHG�WR�WKH�60�RI�WKH�LQVWDQFH�LV�UHODWHG�WR�WKH�LGHD�RI�KRQRULQJ�VWXGHQW�
WKLQNLQJ��)RU�H[DPSOH��LI� WKH�WHDFKHU�ZHUH�WR�WXUQ�WKH�VWXGHQW�WKLQNLQJ�LQ�,QVWDQFH���
RYHU�WR�WKH�FODVV�DQG�QDYLJDWH�WKH�GLVFXVVLRQ��+LQW]�	�)UDQNH��������WRZDUG�WKH�JRDO�
RI�EHWWHU�XQGHUVWDQGLQJ�KRZ�OHWWHUV�DUH�XVHG�WR�UHSUHVHQW�XQNQRZQV�LQ�HTXDWLRQV��WKH�
VWXGHQW�OLNHO\�ZRXOG�QRW�IHHO�WKDW�WKHLU�WKLQNLQJ�ZDV�WKH�REMHFW�RI�WKH�GLVFXVVLRQ��$JDLQ��
WKDW�LV�QRW�WR�VD\�WKDW�PDNLQJ�WKH�VWXGHQW�WKLQNLQJ�WKH�REMHFW�RI�GLVFXVVLRQ�LV�DOZD\V�WKH�
RSWLPDO�WHDFKLQJ�PRYH��UDWKHU��LW�LV�WR�VD\�WKDW�DUWLFXODWLQJ�WKH�03�DOORZV�WHDFKHUV�WR�
PDNH�DQ�LQIRUPHG�GHFLVLRQ�DERXW�KRZ�EHVW�WR�UHVSRQG�WR�WKH�WKLQNLQJ��,I�WKHUH�LV�DQ�
03�� WKH� 0267� $QDO\WLF� )UDPHZRUN� �/HDWKDP� HW� DO��� ������ LV� D� PHFKDQLVP� IRU�
GHWHUPLQLQJ�ZKHWKHU�WR�PDNH�WKH�WKLQNLQJ�WKH�REMHFW�RI�GLVFXVVLRQ�IRU�WKH�FODVV�RU�WR�
DGGUHVV�LW�LQ�VRPH�RWKHU�ZD\��
&21&/86,21��
$Q�LPSRUWDQW�UHDVRQ�WKDW�LQVWUXFWLRQ�EDVHG�RQ�VWXGHQW�WKLQNLQJ�KDV�QRW�OLYHG�XS�WR�LWV�
SRWHQWLDO�PD\�EH�WKDW�RXU�WDUJHW�KDV�EHHQ�WRR�EURDG��)RFXVLQJ�RQ�WHDFKHUV¶�JRDOV�IRU�WKH�
OHVVRQ�OHQGV�LWVHOI�WR�WKH�WHDFKHU�XVLQJ�VWXGHQW�WKLQNLQJ�WR�PDNH�WKH�SRLQW�WKH�WHDFKHU�
KDV�LQ�PLQG��UDWKHU�WKDQ�EXLOGLQJ�RQ�VWXGHQW�WKLQNLQJ��&KDQJLQJ�WKH�JUDLQVL]H�WR�WKH�03�
IRU�WKH�60�LQ�LQVWDQFHV�RI�VWXGHQW�WKLQNLQJ�PD\�EH�D�SURGXFWLYH�VKLIW�LQ�KRZ�ZH�WKLQN�
DERXW�XVLQJ�VWXGHQW�WKLQNLQJ�DV�SDUW�RI�LQVWUXFWLRQ�WKDW�ZLOO�DOORZ�XV�WR�DFKLHYH�WKH�IXOO�
SRWHQWLDO�RI�LQVWUXFWLRQ�EDVHG�RQ�VWXGHQW�WKLQNLQJ���
$FNQRZOHGJHPHQWV�
7KLV�UHVHDUFK�UHSRUW� LV�EDVHG�RQ�ZRUN�VXSSRUWHG�E\� WKH�8�6��1DWLRQDO�6FLHQFH�)RXQGDWLRQ�
�16)�� XQGHU� *UDQW� 1RV�� ��������� ��������� DQG� ��������� $Q\� RSLQLRQV�� ILQGLQJV�� DQG�
FRQFOXVLRQV�RU�UHFRPPHQGDWLRQV�H[SUHVVHG�LQ�WKLV�PDWHULDO�DUH�WKRVH�RI�WKH�DXWKRUV�DQG�GR�
QRW�QHFHVVDULO\�UHIOHFW�WKH�YLHZV�RI�WKH�16)��7KH�DXWKRUV�WKDQN�0DU\�2FKLHQJ�DQG�(OL]DEHWK�
)UDVHU�IRU�WKHLU�FRQWULEXWLRQV�WR�WKH�LGHDV�LQ�WKLV�SDSHU��

5HIHUHQFHV�
%ULJKDP� <RXQJ� 8QLYHUVLW\� 0DWKHPDWLFV� (GXFDWRUV�� �������� Mathematical concepts and 

concept descriptions. 8QSXEOLVKHG�PDQXVFULSW� 
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Journal for Research in Mathematics Education, 41�����������
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1DWLRQDO� &RXQFLO� RI� 7HDFKHUV� RI� 0DWKHPDWLFV�� �������� Principles to actions: Ensuring 

mathematical success for all��5HVWRQ��9$��$XWKRU��
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6OHHS��/�� ��������7HDFKLQJ�WR� WKH�PDWKHPDWLFDO�SRLQW��.QRZLQJ�DQG�XVLQJ�PDWKHPDWLFV� LQ�
WHDFKLQJ��8QSXEOLVKHG�GRFWRUDO�GLVVHUWDWLRQ���8QLYHUVLW\�RI�0LFKLJDQ��$QQ�$UERU��

6PLWK��0��6���	�6WHLQ��0��.������������SUDFWLFHV�IRU�RUFKHVWUDWLQJ�SURGXFWLYH�PDWKHPDWLFDO�
GLVFXVVLRQV��5HVWRQ��9$��1DWLRQDO�&RXQFLO�RI�7HDFKHUV�RI�0DWKHPDWLFV��

6WHLQ��0��.��	�/DQH��6����������,QVWUXFWLRQDO�WDVNV�DQG�WKH�GHYHORSPHQW�RI�VWXGHQW�FDSDFLW\�
WR� WKLQN�DQG�UHDVRQ��$Q�DQDO\VLV�RI� WKH�UHODWLRQVKLS�EHWZHHQ�WHDFKLQJ�DQG�OHDUQLQJ� LQ�D�
UHIRUP�PDWKHPDWLFV�SURMHFW��Educational Research and Evaluation, 2���������

6WRFNHUR��6��/���9DQ�=RHVW��/��5���	�7D\ORU��&��(����������&KDUDFWHUL]LQJ�SLYRWDO� WHDFKLQJ�
PRPHQWV�LQ�EHJLQQLQJ�PDWKHPDWLFV�WHDFKHUV¶�SUDFWLFH��,Q�%URVQDQ��3���(UFKLFN��'��%���	�
)OHYDUHV�� /�� �(GV��, Proceedings of the 32nd annual meeting of the North American 

Chapter of the International Group for the Psychology of Mathematics Education. 

&ROXPEXV��7KH�2KLR�6WDWH�8QLYHUVLW\��
9DQ�=RHVW��/��5���/HDWKDP��.��5���3HWHUVRQ��%��(���	�6WRFNHUR��6��/����������&RQFHSWXDOL]LQJ�
PDWKHPDWLFDOO\�VLJQLILFDQW�SHGDJRJLFDO�RSHQLQJV� WR�EXLOG�RQ�VWXGHQW� WKLQNLQJ�� ,Q�$��0��
/LQGPHLHU�	�$��+HLQ]H��(GV����Proceedings of the 37th conference of the International 

Group for the Psychology of Mathematics Education �9RO�����SS����������.�.LHO��*HUPDQ\��
30(��

9DQ�=RHVW��/��5���6WRFNHUR��6��/���$WDQJD��1��$���3HWHUVRQ��%��(���/HDWKDP��.��5���	�2FKLHQJ��
0��$�������D���$WWULEXWHV�RI�VWXGHQW�PDWKHPDWLFDO� WKLQNLQJ�WKDW�LV�ZRUWK�EXLOGLQJ�RQ�LQ�
ZKROH�FODVV�GLVFXVVLRQ��,Q�7��*��%DUWHOO��.��1��%LHGD��5��7��3XWQDP��.��%UDGILHOG��	�+��
'RPLQJXH]��(GV����Proceedings of the 37th annual meeting of the North American Chapter 

of the International Group for the Psychology of Mathematics Education��SS��������������
(DVW�/DQVLQJ��0,��0LFKLJDQ�6WDWH�8QLYHUVLW\��

9DQ�=RHVW��/��5���6WRFNHUR��6��/���/HDWKDP��.��5���3HWHUVRQ��%��(���$WDQJD��1��$���	�2FKLHQJ��
0��$�� �����E���Attributes of instances of student mathematical thinking that are worth 

building on in whole class discussion��0DQXVFULSW�VXEPLWWHG�IRU�SXEOLFDWLRQ�
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