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Overview	
  
•  Context	
  &	
  Mo0va0on	
  for	
  the	
  Work	
  
•  Launch:	
  An	
  Instance	
  of	
  Student	
  Thinking	
  
•  Defini0on	
  of	
  Mathema0cal	
  Point	
  
•  Ac0vity	
  1:	
  Mathema0cal	
  Point	
  Card	
  Sort	
  
•  Ac0vity	
  2:	
  Mathema0cal	
  Points	
  in	
  Student	
  
Work	
  

•  Observa0ons	
  and	
  next	
  steps	
  
•  Connec0ons	
  to	
  other	
  important	
  ideas	
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MOST	
  Characteris0cs	
  
Student	
  Mathema.cal	
  Thinking	
  

Student	
  Mathema0cs	
  	
  
Can	
  the	
  student	
  mathema0cs	
  be	
  inferred?	
  

Mathema0cal	
  Point	
  	
  
Is	
  there	
  a	
  mathema0cal	
  point	
  closely	
  related	
  to	
  the	
  student	
  mathema0cs?	
  

	
  

Mathema.cally	
  Significant	
  
Appropriate	
  Mathema0cs	
  

Is	
  the	
  mathema0cal	
  point	
  accessible	
  to	
  students	
  with	
  this	
  level	
  of	
  mathema0cal	
  experience,	
  but	
  not	
  like	
  
to	
  be	
  already	
  understood?	
  

Central	
  Mathema0cs	
  
Is	
  understanding	
  the	
  mathema0cal	
  point	
  a	
  central	
  goal	
  for	
  student	
  learning	
  in	
  this	
  classroom?	
  
	
  

Pedagogical	
  Opportunity	
  
Opening	
  

Does	
  the	
  expression	
  of	
  the	
  student	
  mathema0cs	
  seem	
  to	
  create	
  an	
  intellectual	
  need	
  that,	
  if	
  met,	
  will	
  
contribute	
  to	
  understanding	
  the	
  mathema0cal	
  point	
  of	
  the	
  instance?	
  

Timing	
  
Is	
  now	
  the	
  right	
  0me	
  to	
  take	
  advantage	
  of	
  the	
  opening?	
  

Leatham, K. R., Peterson, B. E., Stockero, S. L., & Van Zoest, L. R. (2015). 
Conceptualizing mathematically significant pedagogical opportunities to build on student 
thinking. Journal for Research in Mathematics Education, 46, 88-124.  
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MOSTs	
  are	
  opportuni0es	
  for…	
  

…for	
  the	
  teacher	
  to	
  make	
  student	
  thinking	
  the	
  
object	
  of	
  considera0on	
  by	
  the	
  class	
  in	
  order	
  
to	
  engage	
  the	
  class	
  in	
  making	
  sense	
  of	
  that	
  
thinking	
  to	
  be_er	
  understand	
  an	
  important	
  
mathema0cal	
  idea.	
  

	
  
…to	
  build	
  on	
  student	
  thinking.	
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Produc0ve	
  Use	
  of	
  
Student	
  

Mathema0cal	
  
Thinking	
  

Viewing	
  Classroom	
  Mathema0cs	
  Discourse	
  

Teachers’	
  Goals,	
  
Orienta0ons	
  and	
  

Resources	
  

Student	
  /	
  
Teacher	
  

Par0cipatory	
  
Pa_erns	
  

Discerning	
  Student	
  
Mathema0cal	
  

Thinking	
  in	
  Whole	
  
Class	
  Discussion	
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Methods	
  
•  10	
  mathema0cs	
  lessons	
  
•  9	
  teachers	
  
•  California,	
  Michigan,	
  Mississippi,	
  New	
  Mexico	
  &	
  Utah	
  
•  Iden0fy	
  each	
  instance	
  of	
  student	
  mathema0cal	
  thinking	
  
•  Code	
  for	
  MOSTs	
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Teacher Minutes	
  in	
  whole	
  
class	
  Interac.on 

Number	
  of	
  
Instances 

Instances/
Minute 

Number	
  of	
  
MOSTs 

MOSTs/	
  
Minute 

%	
  of	
  Instances	
  
that	
  are	
  MOSTs 

A 25 35 1.4 8 0.3 23 

B 44 227 5.2 39 0.9 17 

C 27 122 4.5 22 0.8 18 

D 45 206 4.6 29 0.6 14 

E 48 331 6.9 78 1.6 24 

F 41 176 4.3 42 1.0 24 

G 35 201 5.7 33 0.9 16 

H 18 113 6.3 8 0.4 7 

I1 15 38 2.5 1 0.1 3 

I2 11 30 2.7 5 0.5 17 

Total 309 1479 4.8 265 0.9 18 

MOST	
  Frequencies	
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MOST	
  A_ributes	
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MOST	
  A_ributes	
  



2015 TDG Leadership Seminar ~ Van Zoest 

MOST	
  Types	
  

Incorrect	
  or	
  
Incomplete	
  

31%	
  

Sense	
  Making	
  
48%	
  

Mul0ple	
  Ideas	
  
or	
  Solu0ons	
  

17%	
  

Other	
  
4%	
  

Common	
  
Misconcep0on	
  

(31%)	
  

Contradic0on	
  
(52%)	
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MOST	
  Forms	
  

Ques0ons	
  
16%	
  

Tenta0ve	
  
7%	
  

Declara0ve	
  
77%	
  



2015 TDG Leadership Seminar ~ Van Zoest 

MOST	
  Basis	
  

In-­‐the-­‐
Moment	
  
81%	
  

Pre-­‐Thought	
  
19%	
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MOST	
  Accuracy	
  

Correct	
  
40%	
  

Incomplete	
  
7%	
  

Incorrect	
  
24%	
  

Combina0ons	
  
10%	
  

N/A	
  
19%	
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MOST Analytic Framework 

Stockero, S. L., Peterson, B. E., Leatham, K. R., & 
Van Zoest, L. R. (2014). The “MOST” productive 
student mathematical thinking. Mathematics Teacher, 
108(4), 308-312. 
 

Leatham, K. R., Peterson, B. E., Stockero, S. L., & 
Van Zoest, L. R. (2015). Conceptualizing 
mathematically significant pedagogical opportunities 
to build on student thinking. Journal for Research in 
Mathematics Education, 46(1), 88-124. 
 

www.LeveragingMOSTS.org 
 

!

Student Mathematical Thinking 
 
!

Mathematically Significant 
!
!
!
!
!

Pedagogical Opportunity 
!

Central Mathematics 
Is understanding the mathematical point a 
central goal for student learning in this 
classroom? 

Appropriate Mathematics 
Is the mathematical point accessible to 
students with this level of mathematical 
experience, but not likely to be already 
understood? 

Opening 
Does the expression of the student 
mathematics seem to create an 
intellectual need that, if met, will 
contribute to understanding the 
mathematical point of the instance? 
 

Timing 
Is now the right time to take advantage of 
the opening? 

MOST 

no 

no 

no 

no 

yes 

yes 

yes 

yes 

yes 

Not Mathematically 
Significant 

!

Not a Pedagogical 
Opportunity 

Student Mathematics 
Can the student mathematics be inferred?  

Mathematical Point 
Is there a mathematical point closely 
related to the student mathematics?  
!

Not Student 
Mathematical Thinking  

no 

no 

yes 
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Context	
  
•  Iden0fying	
  MOSTs	
  –	
  Mathema'cal	
  
Opportuni'es	
  in	
  Student	
  Thinking	
  –	
  high	
  
poten0al	
  instances	
  of	
  student	
  thinking	
  in	
  
whole	
  class	
  interac0ons	
  

•  Thinking	
  about	
  how	
  teachers	
  can	
  make	
  
produc0ve	
  use	
  of	
  MOSTs	
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Building	
  

Teaching	
  prac0ce	
  of	
  making	
  student	
  thinking	
  
the	
  object	
  of	
  considera0on	
  by	
  the	
  class	
  in	
  order	
  
to	
  engage	
  the	
  class	
  in	
  making	
  sense	
  of	
  that	
  
thinking	
  to	
  be_er	
  understand	
  an	
  important	
  
mathema0cal	
  idea.	
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Mo0va0on	
  

•  We	
  are	
  interested	
  in	
  preparing	
  teachers	
  to	
  
produc0vely	
  use	
  student	
  mathema0cal	
  thinking.	
  	
  

•  An	
  important	
  first	
  step	
  is	
  iden0fying	
  what	
  
mathema0cal	
  idea,	
  if	
  any,	
  underlies	
  an	
  instance	
  of	
  
student	
  thinking.	
  

•  In	
  the	
  middle	
  school	
  mathema0cs	
  methods	
  course	
  I	
  
taught	
  last	
  fall,	
  we	
  a_empted	
  to	
  develop	
  the	
  
preservice	
  teachers’	
  abili0es	
  to	
  iden0fy	
  
mathema0cal	
  ideas	
  in	
  student	
  thinking.	
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  teachers’	
  abili0es	
  to	
  iden0fy	
  
mathema0cal	
  ideas	
  in	
  student	
  thinking.	
  

Mary	
  Ochieng	
  
Elizabeth	
  Fraser	
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An	
  Instance	
  of	
  Student	
  Thinking	
  
A	
  teacher	
  in	
  an	
  8th	
  grade	
  algebra	
  class	
  that	
  
had	
  been	
  working	
  on	
  wri0ng	
  linear	
  equa0ons	
  
from	
  a	
  table	
  of	
  values	
  for	
  a	
  specific	
  situa0on	
  
asked,	
  “How	
  do	
  we	
  find	
  the	
  slope	
  given	
  any	
  
table?”	
  and	
  put	
  this	
  (to	
  the	
  right)	
  generic	
  table	
  
of	
  values	
  on	
  the	
  board	
  for	
  the	
  students	
  to	
  use	
  
in	
  their	
  explana0on.	
  A	
  student	
  replied,	
  “I	
  
found	
  the	
  slope	
  by	
  subtrac0ng	
  the	
  y-­‐values	
  in	
  
the	
  table,	
  21	
  -­‐	
  19,	
  so	
  the	
  slope	
  is	
  2.”	
  	
  

X	
   Y	
  

0	
   15	
  

2	
   19	
  

3	
   21	
  

5	
   25	
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  y-­‐values	
  in	
  
the	
  table,	
  21	
  -­‐	
  19,	
  so	
  the	
  slope	
  is	
  2.”	
  	
  

What	
  mathema.cal	
  idea	
  do	
  you	
  think	
  this	
  instance	
  of	
  
student	
  thinking	
  could	
  be	
  used	
  to	
  beNer	
  understand?	
  	
  

X	
   Y	
  

0	
   15	
  

2	
   19	
  

3	
   21	
  

5	
   25	
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Mathema'cal	
  Point	
  

A	
  concise	
  statement	
  of	
  a	
  specific	
  
mathema0cal	
  idea	
  that	
  students	
  could	
  learn	
  

from	
  an	
  instance	
  of	
  student	
  thinking.	
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Mathema'cal	
  Point	
  
A	
  concise	
  statement	
  of	
  a	
  specific	
  

mathema0cal	
  idea	
  that	
  students	
  could	
  learn	
  
from	
  an	
  instance	
  of	
  student	
  thinking.	
  

	
  
	
  

Student Thinking: I found the slope by subtracting the 
y-values in the table, 21 - 19, so the slope is 2. 
 

Mathematical Point: The slope of a linear equation is 
(y2-y1)/(x2-x1). 
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  specific	
  
mathema0cal	
  idea	
  that	
  students	
  could	
  learn	
  

from	
  an	
  instance	
  of	
  student	
  thinking.	
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Mathema'cal	
  Point	
  
A	
  concise	
  statement	
  of	
  a	
  specific	
  

mathema0cal	
  idea	
  that	
  students	
  could	
  learn	
  
from	
  an	
  instance	
  of	
  student	
  thinking.	
  

	
  

Ac0vity	
  1:	
  Mathema0cal	
  Point	
  Card	
  Sort	
  
Determine	
  whether	
  the	
  statement	
  on	
  each	
  card	
  

is	
  an	
  example	
  or	
  a	
  non-­‐example	
  of	
  a	
  
mathema0cal	
  point	
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Mathema'cal	
  Point	
  

A	
  concise	
  statement	
  of	
  a	
  specific	
  
mathema0cal	
  idea	
  that	
  students	
  could	
  learn	
  

from	
  an	
  instance	
  of	
  student	
  thinking.	
  
	
  
	
  
	
  



2015 TDG Leadership Seminar ~ Van Zoest 

Mathema'cal	
  Point	
  

A	
  concise	
  statement	
  of	
  a	
  specific	
  
mathema0cal	
  idea	
  that	
  students	
  could	
  learn	
  

from	
  an	
  instance	
  of	
  student	
  thinking.	
  
	
  
	
  

Concise:	
  Are	
  there	
  more	
  words	
  included	
  than	
  need	
  to	
  be?	
  
Specific:	
  Is	
  it	
  of	
  a	
  small	
  enough	
  grain	
  size?	
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Good	
  News	
  
Aper	
  the	
  card	
  sort	
  preservice	
  teachers	
  were	
  able	
  to:	
  
•  Iden0fy	
  examples	
  and	
  non-­‐examples	
  
•  Ar0culate	
  a	
  mathema0cal	
  point	
  for	
  a	
  mathema0cal	
  
idea	
  
Abigail	
  said:	
  “Well	
  I	
  think	
  [to	
  understand	
  the	
  propor'onal	
  
rela'onship	
  from	
  the	
  graph]	
  would	
  be	
  a	
  non-­‐point.”	
  

	
  

	
  To	
  fix	
  the	
  “non-­‐point”	
  above,	
  Abigail	
  suggested:	
  “Something	
  like	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  
	
  propor'onal	
  rela'onships	
  represented	
  in	
  a	
  graph	
  must	
  pass	
  
through	
  the	
  origin.”	
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Bad	
  News	
  
Preservice	
  teachers	
  had	
  difficulty	
  ar0cula0ng	
  
mathema0cal	
  points	
  for	
  student	
  thinking.	
  
	
  

	
  When	
  Kevin	
  was	
  asked	
  what	
  mathema0cal	
  point	
  he	
  
	
  would	
  be	
  working	
  towards	
  with	
  a	
  specific	
  piece	
  of	
  
	
  student	
  thinking,	
  he	
  said:	
  “It	
  was	
  talking	
  about	
  the	
  
	
  corners,	
  where	
  like	
  what	
  you	
  could	
  do	
  with	
  that,	
  what	
  
	
  that	
  contributes	
  into	
  the	
  problem.	
  …	
  I	
  don’t	
  know	
  like	
  
	
  what	
  you’d	
  call	
  it	
  though.	
  As	
  far	
  as	
  that,	
  because	
  [14	
  
	
  second	
  pause]	
  I	
  don’t	
  know.	
  …	
  Well,	
  deciphering	
  the	
  
	
  differences	
  in	
  pa<erns.	
  Is	
  that	
  a	
  mathema0cal	
  point?”	
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Regina�s Logo Lesson Task!

Assume the pattern continues to grow in the same manner.  
Find a rule or formula to determine the number of tiles in a 
figure of any size. 

size 1! size 2! size 3! size 4!

Ac0vity	
  2:	
  Mathema0cal	
  Points	
  in	
  
Student	
  Work	
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Issues	
  we	
  were	
  able	
  to	
  address	
  as	
  a	
  result	
  
of	
  these	
  ac0vi0es	
  

•  Mathema0cal	
  points	
  must	
  be	
  accurate,	
  but	
  the	
  student	
  
thinking	
  they	
  are	
  based	
  on	
  may	
  or	
  may	
  not	
  be	
  

•  Mathema0cal	
  points	
  must	
  be	
  “close	
  to	
  the	
  trunk”	
  
•  The	
  student	
  doesn’t	
  have	
  to	
  make	
  the	
  mathema0cal	
  

point	
  
•  The	
  mathema0cal	
  point	
  is	
  what	
  the	
  teacher	
  has	
  in	
  their	
  

head,	
  not	
  something	
  they	
  would	
  tell	
  the	
  students	
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Moving	
  Towards	
  Produc0ve	
  Use	
  of	
  
Student	
  Thinking	
  

Ted:	
  “[Mathema0cal	
  points]	
  allow	
  you	
  to	
  use	
  where	
  the	
  student’s	
  
understanding	
  currently	
  is	
  in	
  a	
  way	
  to	
  move	
  them	
  toward	
  the	
  
understanding	
  of	
  a	
  mathema0cal	
  idea	
  you	
  want	
  them	
  to	
  be	
  at.	
  This	
  
allows	
  you	
  to	
  build	
  off	
  student	
  ideas	
  yourself	
  or	
  preferably	
  through	
  
student	
  discussions	
  in	
  such	
  a	
  way	
  that	
  raises	
  everyone’s	
  
understanding	
  of	
  the	
  mathema0cs	
  being	
  discussed.”	
  
	
  

Isabelle:	
  “It	
  is	
  important	
  to	
  have	
  mathema0cal	
  points	
  in	
  mind	
  
because	
  this	
  focuses	
  and	
  guides	
  the	
  lesson	
  towards	
  highligh0ng	
  
important	
  math	
  concepts.	
  It	
  requires	
  understanding	
  of	
  student	
  
thinking	
  and	
  interpre0ng	
  it	
  in	
  order	
  to	
  probe	
  student	
  thinking	
  in	
  
the	
  direc0on	
  toward	
  the	
  point.”	
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Observa0ons	
  
•  These	
  ac0vi0es	
  seemed	
  to	
  make	
  some	
  progress	
  toward	
  	
  

–  preservice	
  teachers	
  seeing	
  the	
  importance	
  of	
  mathema0cal	
  
points	
  in	
  produc0vely	
  using	
  student	
  thinking	
  

–  suppor0ng	
  their	
  abili0es	
  to	
  ar0culate	
  mathema0cal	
  points	
  
underlying	
  student	
  thinking	
  

•  Ar0cula0ng	
  mathema0cal	
  points	
  is	
  a	
  difficult	
  but	
  
important	
  teaching	
  prac0ce	
  

•  Next	
  steps	
  involve	
  suppor0ng	
  preservice	
  teachers’	
  
abili0es	
  to	
  	
  
–  decide	
  which	
  student	
  thinking	
  is	
  worth	
  pursuing	
  	
  
–  produc0vely	
  pursue	
  that	
  student	
  thinking	
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Your	
  thoughts	
  

•  What	
  is	
  the	
  poten0al	
  of	
  iden0fying	
  and	
  
conceptualizing	
  mathema0cal	
  points	
  for	
  an	
  
instance	
  of	
  student	
  mathema0cal	
  thinking	
  as	
  
an	
  “improving	
  teaching”	
  ac0vity	
  for	
  inservice	
  
teachers?	
  

•  What	
  could	
  be	
  done	
  differently?	
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Big	
  Ideas	
  and	
  Understandings	
  
Charles,	
  2005	
  

•  A	
  Big	
  Idea	
  is	
  a	
  statement	
  of	
  an	
  idea	
  that	
  is	
  
central	
  to	
  the	
  learning	
  of	
  mathema0cs,	
  one	
  
that	
  links	
  numerous	
  mathema0cal	
  
understandings	
  into	
  a	
  coherent	
  whole.	
  

•  A	
  mathema'cal	
  understanding	
  is	
  an	
  
important	
  idea	
  students	
  need	
  to	
  learn	
  
because	
  it	
  contributes	
  to	
  understanding	
  the	
  
Big	
  Idea.	
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Mathema0cal	
  
Understandings	
  	
  

Student	
  
Thinking	
  

Mathema0cal	
  
Points	
  

The more a teacher knows the mathematical understandings related to the big 
ideas of their course, the better position they will be in to identify mathematical 
points in instances of student thinking that occur in their classroom. 
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Mathema0cs	
  Teaching	
  Prac0ces	
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Five	
  Prac0ces	
  Model	
  	
  
Smith	
  &	
  Stein,	
  2011	
  

Prac0ce	
  1:	
  An0cipa0ng	
  
–  instances	
  of	
  student	
  thinking	
  (new	
  grain	
  size?)	
  
– mathema0cal	
  point	
  related	
  to	
  that	
  thinking	
  
(concise?)	
  

	
  
What	
  does	
  focusing	
  on	
  mathema0cal	
  point	
  add?	
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Ques0ons	
  or	
  Observa0ons?	
  
	
  
	
  
	
  

Thanks	
  for	
  coming!	
  


